A hybrid nanotube (HNT) is fabricated by coating carbon nanotubes (CNTs) with a concentric coating layer. Vibration of the HNTs is of great interest due to its potential applications in nano-resonators, nanosensors/actuators and nanogenerators. In particular, it is expected that the super stiff but very light CNTs would largely up-shift the vibration frequency and improve the performance of the achieved nanodevices. On the other hand, the hybrid structures may lead to the defects at the CNT-coating layer interface, which would downshift the frequency and impair the integrity of the HNT. This paper aims to exam these issues by using a multiple-beam model for the pristine HNTs and a finite element model for the defective ones. The frequencies are obtained for the first five modes of the HNTs reinforced by a single-wall or a multi-wall CNT. It was shown that the strengthening effect of the CNTs is substantial for the high frequency vibrations of the HNTs with a thin coating layer. In this case, the inverse effect of the interfacial defects can also be observed.
Introduction
Nanotechnology has developed rapidly in many engineering disciplines and is expected to invoke a series of technique revolutions in the 21 st century. One of the most significant developments that will greatly accelerate this process is the discovery of carbon nanotubes (CNTs) [Iijima, 1991] . The superior mechanical, electronic and thermal properties of these nanotubes promise a broad range of applications in nanocomposites, nanodevices and nanoelectronics [Baughman et al., 2002; Lau and Hui 2002] . In fulfilling the promises, some crucial challenges remain, such as weak attachment of CNTs to surrounding materials [Calvert, 1999; Chen et al., 2000; Seeger et al., 2002; Seeger et al., 2001] , degradation of their superior properties in hazardous environments [Ikuno et al., 2004; Kim et al., 2003] , agglomeration of CNTs due to the intertube van der Waals (vdW) interaction [Boccaccini et al., 2006; Seeger et al., 2002] and the short circuit in CNTbasednanoelectronics [Ikuno et al., 2003; Wang et al., 2006] . To overcome these hurdles considerable efforts [Bezryadin et al., 2000; Boccaccini et al., 2006; Bottini et al., 2005; Calvert, 1999; Chen et al., 2000; Gao et al., 2003; Hu et al., 2011; Hughes et al., 2002; Ikuno et al., 2005; Kim et al., 2003; Maqbool et al., 2014; Patil et al., 2004; Seeger et al., 2002; Seeger et al., 2001; Wang et al., 2006; Whitby et al., 2002; Yang et al., 2003; have been devoted to fabricating hybrid nanotubes (HNTs) by coating CNTs with various functional materials. Recent studies confirmed that the coating materials can efficiently modify the 'inert' CNT surface, eliminate the vdW interaction between 'bare' CNTs, protect them from harmful molecules and provide insulating layer on the outer surface of CNTs [Ikuno et al., 2004; Ikuno et al., 2005; Kim et al., 2003; Wang et al., 2006] .
Furthermore, the synergy of the complementary properties of CNTs and a variety of selected coating materials, e.g., transition metals [Maqbool et al., 2014; Yang et al., 2003; , oxidant materials [Hu et al., 2011; Ikuno et al., 2004; Kim et al., 2003; Seeger et al., 2002; Seeger et al., 2001] , superconductive alloy [Yang et al., 2003 ] and conductive polymers Gao, Dai and Wallace, 2003; Seeger et al., 2002] , provide selectable multi-functionality to HNTs. These novel HNTs thus open a vast range of entirely new and exciting applications, including spintronics that exploit the 'spin' of the electron rather than its charge, ultra-thin superconducting nanomaterials [Bezryadin et al., 2000] , nanosensors with diverse selectivity and extreme sensitivity [Ikuno et al., 2003; Kim et al., 2003; Seeger et al., 2001; Wang et al., 2006] , (multi-tip) probes of SEM and AFM [Burt et al., 2005; Hasegawa et al., 2002; Ikuno et al., 2004; Murata et al., 2005] , and other magnetic, optical and catalytic applications [Boccaccini et al., 2006; Bottini et al., 2005] . In view of these latest advances there exists a great expectation that the HNTs can take over CNTs as the nanofillers in composites and structural/functional elements in nanoelectronics/devices.
Similar to macroscopic structures, fulfilment of the functions of HNT-based nanostructures depend heavily on the structural integrity and the mechanics of the HNTs. As a result, understanding of their mechanical behavior is crucial for the design, fabrication and applications of HNT-based nanodevices. In 2006, Vodenitcharova and Zhang [Vodenitcharova and Zhang 2006] initiated the research by studying the bending and local buckling of the HNTs. The Airy stress-function method was employed to reveal the effect of SWCNTs' flexibility on the deformation of the HNTs. In 2011, composite beam theory was used by Wang and his co-workers [Wang and Adhikari, 2011; to model the vibration of ZnO-CNT HNTs in the presence or absence of a radial pressure. It was demonstrated [Wang, Li and Chew, 2011] that the HNTs have the potential for pressure nanosensors. A year later, Wang's group [Zhang et al., 2012] further studied the stress/strain distribution of HNTs subject to an axial load. Particular attention was given to the piezoelectric effect of the ZnO layer and the stress at the ZnO-CNT interface. In addition, an experimental study, axially compressed buckling was observed for the ZnO-CNT HNTs by Hu et.al [Hu et al., 2011] .
It is noted [Hu et al., 2011; Wang and Adhikari, 2011; Zhang et al., 2012] that, among the fundamental issues of the HNTs are the effects of the inner CNTs and possible delamination at the coating layer-CNT interface. These issues are particularly important in the HNT vibration due to its immediate applications in nanoresonators, nanosensors/actuators and nanogenerators. The present paper thus aims to investigate and quantify the aforementioned effects on the transverse vibrations of the HNTs. The layout of the paper is as follows. In Section 2 the techniques used for the vibration analysis and calculation are developed, including a multiple-Timoshenko beam model for pristine HNTs and a finite element model for the defective HNTs. The effects of the CNTs and the interface defects are present and investigated in Section 3. New findings of the present study are summarized in Section 4.
Methodology of Vibration Analysis
As shown in Fig.1a the HNTs consist of an inner CNT and an outer concentric coating layer. For the specific example in Fig.1a , there exists a coating layer with thickness H and a double wall CNTs whose radius of the inner SWCNT is R1 and that of the outer SWCNT is R2. The coating thickness 32 H R R  where 3 R is the outer radius of the HNT. 
The multiple-beam model for pristine HNTs
In this section the pristine HNTs (Fig.1a) are modelled based on the Timoshenko beam (TB) theory [Timoshenko, 1921; Timoshenko, 1922] which considers the effects of shear deformation and rotational inertia of the beams and thus is suitable for beams even if they have a relatively small length-to-diameter ratio. Here for a type I HNT (i.e., a coating layer + a single wall CNT (SWCNT)), the outer coating layer is considered as a hollow cylindrical TB with a thickness H and the inner SWCNT is treated as another TB with an effective thickness CNT t , equivalent Young's modulus CNT E and radius R1 (the radius of the middle line). The continuity condition requires that the coating layer and the SWCNT have the same transverse displacements at their interface. Thus, a type I HNT can be modelled as a composite TB.
In the meantime, a type II HNT (i.e., a coating layer + an N-wall CNT) can be constructed by inserting N-1 SWCNTs into a type I HNT. From the innermost tube to the outmost one, the inserted N-1 SWCNTs can be labelled as TB 1, 2, …, and N-1, respectively, and the original type I HNT is considered as TB N (a composite beam). Here all SWCNTs (including the one involved in the original type I HNT) have the same effective thickness   [Batra and Gupta, 2008; Wang and Zhang, 2008] . The interlayer spacing or the difference in radius between the two adjacent SWCNTs is 0.34nm. In addition, the transverse displacement wi of TB i ( 1, 2,3,..., 1) iN  is coupled with that (those) of the adjacent TB(s) via the van der Waals (vdW) interaction i p in the radial direction [Yoon et al., 2003] R is the radius of the i-th tube of the inner N-wall CNT [Wang and Adhikari, 2011] . Based on this model and the TB theory, the following vibration equations can be obtained for a type II HNT in a Cartesian coordinate system  
,, x y z (Fig.1b) . 
where wi and i  are the transverse deflection and the rotation angle; k (=0.8) is the shear coefficient; G is the shear modulus; E is the Young's modulus;  is the mass density; A denotes the area of the cross section; I represents the moment of inertia; and t is time. For TB 1, 2,… or N-1 (i.e., the inner N-1 SWCNTs) the subscript 'i' denotes the quantities of the i-th TB. For a composite TB (i.e., the N-th TB comprising the cylindrical coating layer and the outermost SWCNT), one can use  to denote GA , EI , A  or I  , and the subscripts 'coating' and 'swcnt' to represent the quantities of the coating layer and the outmost SWCNT. Then  can be calculated by using a general
The solutions to Eq. (2) can be found for such HNTs with the simply supported ends
where Ai and i  are the amplitudes of the transverse deflection and the rotation angle, respectively;  is the angular frequency; m is the mode number (or a half wave number in the axial direction) and L is the length of the HNT (see 
Finite element model for defective HNTs
As mentioned above, one of the objectives here is to examine the effect of the defects at the interface between the coating layer and the inner CNTs. To this end, defective HNTs with simply supported ends are considered, where, as shown in Fig.2a , a two dimensional (2D) cylindrical delamination (i.e., the thickness is zero) is introduced on the coating layer-CNT interface. The length l (= 0.9L) of the 2D defect is measured along the x direction ( Fig.2a) and its cross section is an arc of the inner circular perimeter of the coating layer (Fig.2b ). In the present study, the defect is The vibration analysis of the defective HNTs is conducted by using the finite element method (FEM) and implemented via the commercial software ANSYS. Here the cylindrical coating layer is discretized by using three dimensional elements; whereas for inner one-atom-thick SWCNTs it is performed by using 4-noded shell elements. On the coating layer-CNT interface, the 2D defect is modelled via the following two steps. First, a cylindrical cavity (the dark green area in Fig.3 ) is cut into the coating layer at the place where the 2D defect is introduced. The cavity has an inner lateral surface coinciding with the 2D defects at the coating layer-CNT interface, and a nonzero thickness tdef measured along the radial direction from its inner lateral surface to the outer one. Subsequently, the cavity is filled with an imaginary material with the same mass density as the coating material but its elastic modulus is set to zero. In this case, the mass of the coating layer remains unchanged but the stresses cannot be transferred between the coating layer and the outmost SWCNT via the defective zone. Here the smallest possible value is taken for the thickness tdef to minimize the possible influence of the nonzero thickness on the HNT vibration, i.e., the cavity is only one mesh element thick, more than an order of magnitude thinner than the whole coating thickness (up to 8nm in this study). The continuity condition is then imposed on all the interfaces between the coating layer, the defective zone and the outmost SWCNT. In ANSYS, this condition is implemented by matching the adjacent two structures at their interfaces, i.e., the two neighboring structures share the same element nodes at their interface. Section of delamination zone Fig. 3 . Illustration of the physical model for a 2D cylindrical defect at the coating layer and CNT interface. The model is established by cutting a cylindrical cavity (the dark green zone) into the coating layer. The inner surface of the cylindrical cavity coincides with the 2D defect at the coating layer-CNT interface and the thickness is at least an order of magnitude smaller than the coating thickness H. The cavity is then filled with a material whose mass density is the same as the density of the coating material and its elastic moduli are zero.
In the multiple-beam model the interlayer vdW interaction of adjacent SWCNTs is considered as linear springs with an effective modulus for the spring between the i-th and i+1 th SWCNTs (i = 1, 2, ..., N-1). However, the present FE model accounts for the vdW interaction by filling the space between adjacent SWCNTs with an imaginary material whose mass density, Poisson's ratio and (axial and circumferential) Young's modulus are zero. The only nonzero material property is Young's modulus ( 0.34 ) ri Ec  in the radial direction. In other words, the imaginary material layer is sandwiched by the two adjacent SWCNTs and able to transfer only the radial interaction between the two SWCNTs. In FEM modelling, a continuous interface is adopted between the imaginary material and adjacent SWCNTs, and implemented via the similar technique used for modelling the interface between the coating layer and outer SWCNT.
Results and Discussions
In this section, the techniques introduced above are employed to study the vibration of the HNTs. The objectives are to quantify the strengthening effect of the inner CNTs, and the weakening effects of the interface delamination on the structural stiffness of the HNTs. To this end, CNTs coated by Titanium (Ti) layer are considered as examples. The values of material properties used in the modelling are as follows. For SWCNTs, the equivalent Young's modulus ECNT = 3.5TPa, the Poisson's ratio νCNT = 0.2, and the mass density per unit lateral area Fig.4a ) when the Ti layer becomes relatively thick. In Fig.4 , the red dotted line shows the points on the frequency curves (m = 1 to 5) at which the values of H, i.e., 5%
H , correspond to 5%   . In other words, the strengthening effect of the SWCNTs is negligible as long as H crosses the red dotted line to its right-hand side, i.e.,
5%
HH 
. It is also noted in Fig. 4 that cr H is a constant independent of m and the length of HNTs (or the aspect ratio  of the CNT). However, 5% H tends to increase with the mode number m for a relatively short HNT (e.g., L = 27.2nm or 40   ) (Fig.4a) and approaches a constant value around 1nm for relatively long HNTs (e.g., L = 68nm or 100   ) ( Fig.4b and c) . can be utilized to quantify the strengthening effect of the inner CNTs on the vibration of the HNTs. Thus, H-dependence of  is plotted in Fig. 5a , b, and c for the five modes of the HNTs considered in Fig.4a, b Fig.5b and c for the longer HNTs but  (i.e., the effect of the SWCNT) becomes much less sensitive to the mode number m. 
Type I HNTs reinforced by a large SWCNT
The above results show that the thin SWCNTs with 0.68
can efficiently up-shift the frequency only when the coating layer is very thin, e.g., H < 1nm. One way to enhance such a strengthening effect is to increase the diameter or the structural rigidity of the SWCNTs. It is thus of interest to examine how efficient one can increase the frequency by using larger SWCNTs. In [Iijima and Ichihashi, 1993] and the smallest diameter ever achieved is 0.4nm [Qin et al., 2000] . Thus SWCNTs with diameters 0.68nm and 10.04nm can be considered as the typical examples of small and large SWCNTs, respectively. In Fig. 6 , the H-dependence of HNT f and Ti f is found to be qualitatively similar to those in Fig.4 .
Specifically, cr
H is again found to be independent of the length of the HNTs and the vibration mode number m. On the other hand, cr H and 5% H in Fig. 6 are around 3nm and 6nm (for different m and  at 1 Lm   ), respectively, which is about 4 and 6 times the corresponding values (i.e., 0.52nm and 1nm) achieved in Fig.4 . In the meantime,  is calculated in Fig.7 for the second group of the HNTs. Different from those in Fig.5 ,  -curves in Fig. 7 are insensitive to the vibration modes and the length of the HNTs. This is especially so when the length L increases to 1 m  or greater in Fig.7b and c, where the effect of the SWCNT changes merely with the coating thickness H. This unique feature can be attributed to the large wavelength-to-diameter ratio of the first five modes, which is 20 or even greater for the HNTs considered in Fig.7b and c. 
Type II HNTs reinforced by a MWCNT
From Sec.3.1.2 we see that increasing CNT d from 0.68nm to 10.04nm can substantially increase the upper limit of the coating thickness H from 0.52~1nm to 3~6nm within which the strengthening effect of the SWCNTs is strong (e.g., 20%   ) or significant (e.g., 5%   ). These values of H fall in the range of the metal-coated SWCNTs where coating thickness varies from an order of magnitude 0.5nm to 15nm . For oxide coating materials, e.g., ZnO and SiOx, the thickness however can grow to dozens of nanometers Seeger et al., 2001] . A large coating thickness (e.g., 20nm) may also occur for the HNTs with metallic coating. In these cases, even large SWCNTs are not stiff enough to improve the structural rigidity of the HNTs. It is thus necessary to seek an alternative way to further enhance the CNT effect on the HNTs. To this end, we have inserted up to 15 thinner SWCNTs into the second group of type I HNTs where the SWCNTs have a diameter of 10. Comparison between Figs.6 and 8 shows that cr H of mode 5 increases from 3nm ( Fig. 6 ) to 4.5nm (Fig.8a) by 50%
due to the addition of a thinner SWCNT. It further increases from 4.5nm to 7nm by 55% (Fig.8b ) when three more SWCNTs are inserted. However further inserting 10 more thinner SWCNTs can only increase cr H from 7 to 7.8nm
( Fig.8c) with a relative change of 14.32%. Similar trend is also observed for cr H of modes 1 to 4 in Fig.8 . These results indicate that the few outmost layers of an MWCNT can most efficiently enhance the strengthening effect of the inner CNTs. In addition, different from those in Fig. 6 , both cr H and H5% in Fig. 8 increase with the modes number m. Consistently, Fig.9 indicates that  , i.e., the strengthening effect of the MWCNTs is sensitive to m. For a given H,  increases with the mode number m as well as the number of the SWCNTs inside the HNTs. It is seen from the above results that inserting up to 14 SWCNTs to form a type II HNTs reinforced by a 15-wall CNTs can substantially increases the value of cr H to 7.8nm but it is still in the range of (0.5nm, 15nm). This is due to the fact that only a few outmost layers of the inner MWCNTs (whose diameter is limited to around 10nm) contribute significantly to the structural stiffness. In fact, synthesized MWCNTs may have a diameter up to an order of 50nm or even larger, which thus would raise the structural stiffness more substantially. In other words, MWCNTs of a relatively large diameter should be employed in the design of the HNTs when a thick oxidant or metal coating layer up to dozens nanometers is considered for certain engineering applications. 
Effect of the interfacial defects
In Section 3.1, the strengthening effect of the CNT is measured for the HNTs. Particular attention is paid to the dependency of the effect on the radius and the number of layers of the CNTs. In what follows we aim to further investigate the influence of the delamination at the interface between the Ti-coating layer and the inner CNTs. To demonstrate the robustness of the FEM model developed for the HNTs (Section2.2) the vibration frequencies are calculated based on the model for the pristine HNTs (without the defect) reinforced by a SWCNT with a diameter 0.68nm and a length 27.8nm (a type I HNT), and a DWCNT with an outer diameter 10.04nm and a length 200.8nm (a type II HNT). The coating thickness H varies from 0.2nm up to 8nm. The results obtained from the FEM model and the multiple-beam model are summarized in Table 1 , showing that the relative difference  between the two models is less than 2% for relatively long type I HNTs (e.g., the length-to-diameter ratio > 17) and increases to 4~5% for relatively short ones (e.g., the length-to-diameter ratio around 10). For the type II HNTs studied  is always smaller than 3%. This comparison shows that the present FEM model is in reasonably good agreement with the multiple-beam model for the vibrations of the pristine HNTs. Subsequently, the FEM model is further employed to exam the influence of the interfacial defects on the vibration properties of the HNTs, which cannot be easily accounted for based on the multiple-beam model. Three groups of the defective HNTs are considered, where the length l of a 2D delamination is fixed at 0.9L (Fig.2a) and the angle  is set to 72°, 216° and 324°, respectively (Fig. 2b) . It is understood that the defects can only exert significant influence when the coating thickness falls in the range where the strengthening effect of CNTs is substantial, i.e., H up to around Table 2 . It is clearly seen from Fig.4a that the defects tend to reduce the structural stiffness of the HNTs and thus down-shift the frequency. In general, the frequency down-shift is found to be larger for the defective HNTs with a greater angle  (the angle is defined in Figs. 2 and 3 ). This effect however is only noticeable for modes 4 and 5 but becomes insignificant for modes 1, 2 and 3. Indeed, Table 2 shows that the two greatest values of  , i.e., 7.4% and 13.4%, are found for modes 4 and 5, respectively, at H = 0.2nm (the smallest H in Table 2 ) and 324   (the largest  in Table 2 ). Other values in Table 2 are all smaller than 4.2%. Specifically, most of them are lower than 1%, i.e., negligibly small.
In addition to the type I HNTs, the defective type II HNTs are also investigated, where the geometric size and the constituent CNT are the same as those considered in Section 3.1.3. The interface defects considered in Fig.4a for the type I HNTs are again considered for the defective type II HNTs. In Section 3.1.3, cr H obtained for the type II HNTs is around 5nm. Accordingly, the frequencies are calculated for the defective HNTs with the coating thickness H = 1nm, 4nm and 8nm, respectively. Again, the results corresponding to  = 72°, 216°and 324° are represented in Fig.8a by circles, rectangles and triangles respectively. The relative change  in frequency due to the defect is tabulated in Table 3 accordingly. The tendency shown in Fig. 8a is found to be similar to the one observed in Fig.4a for the type I HNTs. However, in Table 3 , the effect of the defects is more pronounced than those shown in Table 2 . At H = 1nm (the thinnest coating in Table 3 )  of mode 5 is 27% and 45% corresponding to  =216°and 324°, respectively. The values decrease to 7% and 13% at H = 4nm, and 3.67% and 7.08% at H = 8nm. In the meantime,  at 1 H nm  and  = 216°or 324° reduces to 17.5% or 29.7% as far as mode 4 is concerned. For a smaller  or a lower frequency mode,  in Table 3 is smaller than 1% in most cases. In other words, the influence of these defects is small and thus can normally be neglected. It should be pointed out, however, that the above results are obtained for the defects whose length is 0.9L, i.e., 90% of the length of the HNTs. As shown above, the effect of the delamination is small in most cases except for a few cases associated with the higher vibration mode, thin coating thickness and large angle  .
It is easy to understand that the shorter defects would have even smaller influence on the HNTs, which is confirmed by our numerical calculations but the results are omitted here. Thus, substantial effect of the defect only occurs for the higher vibration modes of type II HNTs where the interface delamination is very large and the coating thickness is small. This is a non-intuitive result that cannot be obtained without performing the FEM simulations. Here it should be mentioned that the discrepancy between FEM (for defective HNTs) and Timoshenko beam model (for pristine HNTs) shown in Fig.4 a and 8a may partially attribute to the difference between the two modeling techniques instead of the interfacial defect. However, it is also noted that the difference shown in the two figures is much greater than the difference between the two models shown in Table 1 . Thus, the comparison results in Figs.4a and 8a can adequately demonstrate the effect of the interfacial defect on the vibration of the HNTs.
Conclusions
A multiple beam and a finite element models are developed to characterize the vibration behavior of pristine and defective HNTs. The coating thickness-dependency is calculated for the frequency of the HNTs reinforced by a CNT, where a critical thickness Hcr is identified associated with the lowest frequency of the HNTs. The focus of the present study is placed on the effects of the inner CNTs and the interface defects on the vibration of HNTs. The major conclusions are summarized as follows.
Dependence of HNT frequency on the coating thickness H is calculated, where a critical value Hcr of coating thickness is found leading to the lowest frequency of the HNT.
The frequency up-shift due to the inner CNTs is found to be more significant for higher vibration modes of the HNTs with thinner coating thickness. Such an effect is substantial only when the coating thickness H is smaller than a critical value Hcr corresponding to the lowest frequency of the HNTs (i.e., the HNTs with the same inner CNT and coating material). It can be further raised by increasing the diameter and number of layers of the inner CNT. and the length 0.9 lL  . The effect however turns out to be very small or negligible (e.g., the change in frequency smaller than 1%) for lower vibration modes of the defective HNTs with smaller defects or thicker coating thickness.
It is noted that the outcomes of this work may significantly broaden the knowledge of the mechanical behavior of the HNTs and provide cost-effective modeling techniques for vibration analysis of HNTs, which have the potential to be further extended to the buckling and static deformation of the HNTs. These results thus are expected to provide useful guidance for the study, design and fabrication of the HNTs in the near future.
